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Abstract. We show that filtered K-theory is equivalent to a substantially 
smaller invariant for all real-rank-zero C* -algebras with certain primitive ideal 
spaces - including the infinitely many so-called accordion spaces for which 
filtered K-theory is known to be a complete invariant. We also determine the 
range of filtered K-theory for purely infinite graph algebras with these primitive 
ideal spaces. As a consequence, we give a characterization of purely infinite 
Cuntz-Krieger algebras with accordion spaces as primitive ideal spaces. 



1. Introduction 

The Cuntz and Cuntz-Krieger algebras are historically and in general of great 
importance for our understanding of simple and non-simple purely infinite C*-alge- 
bras as they were not only the first constructed examples of such but are also very 
tangible due to the combinatorial nature of their construction, p~2]. The Cuntz- 
Krieger algebras arise from shifts of finite type, and it has been shown that they 
are exactly the graph algebras C*(E) arising from finite directed graphs E with 
no sources, [3]. The Cuntz algebras and the simple Cuntz-Krieger algebras can 
be identified as the UCT Kirchberg algebras with a specific type of K-theory. A 
similar characterization for non-simple, purely infinite Cuntz-Krieger algebras and, 
more generally, of unital graph algebras of this type is desirable. 

A Kirchberg A-algebra is a purely infinite, nuclear, separable C*-algebras with 
primitive ideal space X. When X is a so-called accordion space, cf. Definition 12.21 
the invariant filtered K-theory FK is a strongly complete invariant for stable Kirch- 
berg AT-algebras with simple subquotients in the boostrap class [5, 16, 18J. In partic- 
ular filtered K-theory is complete for purely infinite graph algebras with accordion 
spaces as primitive ideal spaces, and the main goal of this paper is to use this 
to achieve a characterization of purely infinite Cuntz-Krieger algebras and graph 
algebras. 

In this paper we determine the range of reduced filtered K-theory FK-r. with 
respect to purely infinite Cuntz-Krieger algebras and graph algebras. The reduced 
filtered K-theory was originally defined by Gunnar Restorff, [21], who used it to 
give an internal classification of the purely infinite Cuntz-Krieger algebras, inspired 
by work of Mikael R0rdam, [24J, and work of Mike Boyle and Danrun Huang on 
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dynamical systems, [8]. We also show that for purely infinite graph algebras whose 
primitive ideal spaces are of a certain type including the accordion spaces, reduced 
filtered K-theory FK-ji is equivalent to (concrete) filtered K-theory. This is done by 
introducing the filtered K-theory restricted to the canonical base, denoted FKg, and 
showing that it is equivalent to the filtered K-theory for real-rank-zero C* -algebras 
whose primitive ideal spaces are of a certain type including the accordion spaces. 

For accordion spaces we thereby obtain one-to-one correspondences, induced by 
these filtered K-theories, between purely infinite graph algebras and certain types 
of modules in the target categories of the corresponding filtered K-theory, cf. The- 
orem [lLl] and its corollaries. In particular we obtain the desired characterization 
of purely infinite Cuntz-Krieger algebras with accordion spaces as primitive ideal 
spaces: 

Theorem 1.1. Let A be a C* -algebra whose primitive ideal space is an accordion 
space. Then A is a purely infinite Cuntz-Krieger algebra if and only if A satisfies 
the following: 

• A is unital, purely infinite, nuclear, separable, and of real rank zero, 

• for all ideals I and J of A with I C J and J/ 1 simple, the quotient J / 1 
is in the bootstrap class and satisfies that K*(J/7) is finitely generated, 
that Ki(J/J) is free and that rankKi(J//) = rank Ko (J/J). 

In the terms introduced by the first named author in pQ, our Theorem 1 1 . II states 
that there are no phantom Cuntz-Krieger algebras with accordion spaces as primi- 
tive ideal spaces. It is an important open question whether this holds for all finite 
primitive ideal spaces. 

1.1. Historical account. By a seminal result of Eberhard Kirchberg, KK(X)- 
equivalences between stable Kirchberg X-algebras, i.e., stable, tight, Goo-absorbing, 
nuclear, separable C*-algebras over a space X, lift to X-equivariant ""-isomorphisms. 
With the aim of computing the equivariant bivariant theory KK(X), Ralf Meyer 
and Ryszard Nest established in [18] a Universal Coefficient Theorem for filtered 
K-theory FK over any finite totally ordered space X. As a result, for such spaces X, 
isomorphisms on filtered K-theory between stable Kirchberg X-algebras with simple 
subquotients in the bootstrap class lift to X-equivariant *-isomorphisms. This 
result was generalized in [3] [5] by the second named author and Manuel Kohler 
to the case of so-called accordion spaces. Building on these results, S0ren Eilers, 
Gunnar Restorff, and Efren Ruiz classified in [14] certain classes of real-rank-zero 
(not necessarily purely infinite) graph algebras using ordered filtered K-theory. 

On the other hand, Meyer-Nest and the second named author constructed coun- 
terexamples to classification for all six four-point non-accordion spaces. More pre- 
cisely, for each such X they find two non-KK(A)-equivalent Kirchberg X-algebras 
with simple subquotients in the bootstrap class whose filtered K-theories are iso- 
morphic (see (4j[l8]). 

Despite this obstruction, it had previously been shown by Gunnar Restorff in [22_ 
that filtered K-theory FK, and in fact the reduced filtered K-theory FK-ji, is a 
complete invariant for purely infinite Cuntz-Krieger algebras. Any finite To-space, 
in particular the six problematic four-point spaces, can be realized as the primitive 
ideal space of a purely infinite Cuntz-Krieger algebra. Unfortunately, Restorff's 
result only gives an internal classification of Cuntz-Krieger algebras and admits no 
conclusion concerning when a given Cuntz-Krieger algebra is stably isomorphic to 
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a given purely infinite, nuclear, separable C*-algebra with the same ideal structure 
and filtered K-theory. 

The purely infinite Cuntz-Krieger algebras have real rank zero. In [2J, Gunnar 
Restorff, Efren Ruiz, and the first named author noted that for five of the six 
problematic four-point spaces the constructed counterexamples to classification do 
not have real rank zero. They went on to show that for four of these spaces X, 
filtered K-theory is in fact a complete invariant for Kirchberg X-algebras of real 
rank zero with simple subquotients in the bootstrap class. The four-point non- 
accordion space for which the constructed counterexample has real rank zero will 
be denoted by V. 

For a Cuntz-Krieger algebra the Ki-group of every subquotient is free. The same 
is true, more generally, for graph algebras. We observe that, for real rank zero C*- 
algebras over T> satisfying this condition on their K-theory, isomorphisms on the 
reduced filtered K-theory FK-r lift to KK (^-equivalences (see Proposition 17.161) . 
There are therefore no known counterexamples to classification by filtered K-theory 
of Kirchberg X-algebras with simple subquotients in the bootstrap class that have 
the K-theory of a real rank zero graph algebra. 



1.2. Organization of the paper. The main focus of this paper is not complete- 
ness of the invariant filtered K-theory, but reduction of filtered K-theory under the 
assumption of real rank zero and determining the range of filtered K-theory for 
purely infinite graph algebras. The main results are recaptured in Theorem 111.11 
and its corollaries. 

Filtered K-theory FK and concrete filtered K-theory FK57- are defined in Sec- 
tion [3] In Section [5j filtered K-theory restricted to a canonical base FKg is defined 
for spaces with the unique path property, and it is shown for certain spaces that 
the concrete filtered K-theory FKst(A) of a real rank zero C*-algebra A is com- 
pletely determined by the filtered K-theory restricted to a canonical base FK&(A), 
cf. Corollary [531 

In Section [6j reduced filtered K-theory FK-ji is defined, and it is shown in Sec- 
tion [7] for certain spaces that the concrete filtered K-theory FKs-r(A) of a real 
rank zero C*-algebra A satisfying that all subquotients have free Ki-groups can be 
recovered from the reduced filtered K-theory FK-n(A), cf. Corollary 17. 151 This is 
of particular interest since in Section [8] (and [9]) we determine the range of (unital) 
reduced filtered K-theory FK-r. for (unital) purely infinite graph algebras, cf. The- 
orem EH (and HO]) ■ 

In Sections |9] and [101 unital filtered K-theories and ordered filtered K-theories 
are treated. 
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ments. The second-named author thanks Ralf Meyer for the supervision of |4j which 
has influenced parts of this work. 
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2. Notation 

We follow the notation and definition for graph algebras of Iain Raeburn, cf. [21] . 
All graphs are assumed to be countable and to satisfy Condition (K) , hence all con- 
sidered graph algebras are separable and of real rank zero. In this article, matrices 

act from the right and the composite of maps A A B 4 C is denoted by fg. The 
category of abelian groups is denoted by 2lb, the category of Z/2-graded abelian 
groups by 2lb z ^ 2 . 

Let A be a finite To-space. For a subset Y of A, we let Y denote the closure of 
Y in X, and let dY denote the closed boundary Y \ Y of Y. Since X is a finite 
space, there exists a smallest open subset Y of X containing Y. We let dY denote 
the set Y\Y. 

For x, y G X we write x < y when {x} C {?/}, and x < y when x < y and x ^ y. 
We write y —> x when x < y and no z G X satisfies x < z < y. The following 
lemma is straightforward to verify. 

Lemma 2.1. For x G X , the following hold: 

(1) An element y £ X satisfies y —> x if and only if y is a closed point of d{x}. 

(2) We have d{x} — [J y ^ x {y}, and consequently d{x} is open. 

(3) An element y G X satisfies x < y if and only if there exists a finite sequence 
( z k)k=i ^ n X such that Zk+i — > Zk for k = 1, . . . , n— 1 where Z\ = x, z n = y. 

We call a sequence {zk)k=i as in Lemma T2.1f 3) a path from y to x. We denote 
by Path(y,a;) the set of paths from y to x. Thus Lemma |2.1( 3) can be rephrased 
as follows: two points x, y G X satisfy x < y if and only if there exists a path from 
y to x. Such a path is unique if X is an accordion space, but not in general. Two 
points x, y G X satisfy y — > x if and only if (x, y) is a path from y to x, and in this 
case, there are no other paths. 

Definition 2.2. An accordion space is a To-space X = {x\, . . . ,x n } such that for 
every k — 1,2, ...,n — 1 cither Xk — > x^+i or Xk <— Xk+\ holds and such that 
Xk — > xi does not hold for any k, I with \k — l\ ^ 1. 

If X is linear, i.e., if X = {x\, . . . , x n } with x n — > ■ ■ ■ — >• X2 — > xi , then A is an 
accordion space. 



3. Filtered K-theory 

In this section filtered K-theory and concrete filtered K-theory together with 
target categories are defined. Various properties of objects in the target categories 
are introduced. 

A C* -algebra A over A is a C*-algebra A equipped with an monotone, infima- 
and suprema-preserving map 0(A) — > i(A),U n> A(U) mapping open subsets in 
A to ideals in A. The C*-algebra A is called tight over A if the map is a lattice- 
isomorphism. A *-homomorphism <p: A — > B for C*-algebras A and B over A is 
called X-equivariant if <p(A(U)) C B(U) for all U G 0(A). Let LC(A) denote the 
set of locally closed subsets of A, i.e., subsets of the form U\ V with U and V open 
subsets of A satisfying V C U. For Y G LC(A), and U, V G 0(A) satisfying that 
F = C7\y and f7 2 we define A(Y) as A(F) = A(t/)/A(V), which up to natural 
isomorphism is independent of the choice of U and V (see |19[ Lemma 2.15]). 
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Definition 3.1. A tight, Ooo-absorbing, nuclear, separable C*-algebra over X is 
called a Kirchberg X-algebra. 

Let &&(X) be the additive category whose objects are separable C*-algebras over 
X and whose set of morphisms from A to B is the Kasparov group KKo(X; A, B) 
defined by Kirchberg (see |19[ Section 3] for details). For a C*-algebra A over X. a 
Z/2-graded abelian group FK* Y (A) is defined as K*(A(Y)) for all Y E LC(X). Thus 
FKy is an additive funtor from 8&(X) to the category 2lb z ^ 2 of Z/2-graded abelian 
groups. Ralf Meyer and Ryszard Nest constructed in [18] C*-algebras Ry over X 
satisfying that the functors FKy and KK*(X; Ry, — ) are naturally isomorphic. 

In their definition of filtered K-theory FK*, Meyer-Nest consider the Z/2-graded 
preadditive category NT* with objects LC(X) and morphisms 

Nat»(FKy, FK* Z ) Si KK*(X; R z , Ry) 

between Y and Z, where Nat»(FK*^, FK* Z ) denotes the set of graded natural trans- 
formations from the functor FKy to the functor FK* Z . The target category of FK* 
is the category 9JtoO(./VT*) z / 2 of graded modules over NT*, that is, Z/2-graded 
additive functors NT* -> 2lb z/2 . Hence FK*(A) consists of the groups FK Y (A) 
together with the natural transformations FKy(A) — > FKz(A)* . 

For reasons of notation we will often find it convenient to consider instead the 
preadditive category NT with objects LC(X) x {0, 1} and morphisms between (Y, j) 
and [Z, k) given by natural transformations 

Nat(FK^ FK^) KK (A; S k R z , S 3 Ry), 

where FK J Y (A) denotes Kj(A(Y)) for j = 0, 1. Let 9JtoT)(NT) denote the category 
of modules over NT, that is, additive functors NT — > 2tb. 

Given a graded A/"T*-module M, we define an NT-module D(M) as follows: we 
set D(M)(Y,i) = M(Y) t for (Y,i) E LC(X) x {0,1}; for a morphism /: (Y, i) -> 
(Z,j) in NT, we define D(M)(f): D(M)(Y,i) -> D(M){Z,j) as the composite 

M(Y)i <-> M(Y)* M{Z)* -» M{Z)j. 

It is straightforward to check that this yields a functor D: ^ffiod(NT*) z ^ 2 — > 
DJlo()(NT). In fact, D is an equivalence of categories — an inverse can be defined 
by a direct sum construction. Consequently, we define the functor FK: &R(X) — > 
OKoX)(NT) as the composite FK = D o FK*. 

Definition 3.2. Let Y E LC(X), U C Y be open and set C = Y\U. A pair (U,C) 
obtained in this way is called a boundary pair. The natural transformations occur- 
ing in the six-term exact sequence in K-theory for the distinguished subquotient 
inclusion associated to U C Y are denoted by ijj, r Y and SqI 

iu 

FK V FKy 

X 

FK C 

These elements ijj, r Y and 5q correspond to the KK(A)-classes of the *-homo- 
morphisms Ry -» Rjj, Rq Ry, and the extention Rq Ry -» Ru, cf. [TB]. In 
NT* they satisfy the following relations. 
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Proposition 3.3. In the category NT*, the following relations hold. 

(1) For every Y G LC(X), 

■Y Y • j 
%y = ry = Vly . 

(2) If Y Li Z is a topologically disjoint union ofY,Z<E LC(X), then 



, -yuz , 

r YUZ l Y ' 



■yuz 



FUZ'Z 



= id 



YUZ 



(3) For Y G LC(X) and open sw&sete [/CVCf, 

•v y _ -y 
l u l v — l u- 

(4) for Y G LC(X) and closed subsets C CD CY, 



r D C 



(5) For Y G LC(X), an open subset U C7 and a closed subset C CY , 



y„c 



i IT r 



u 1 Y 



'u l unc- 



(6) For a boundary pair (U, C) in X and an open subset C C C, (J7, C") is a 
boundary pair and we have 

f c ,5 u c =5 u c> . 

(7) For a boundary pair (U, C) in X and a closed subset U' C f7, ([/', C) is a 
boundary pair and we have 

°c r u — °c ■ 

(8) For Y,Z,W G LC(X) such that Y U W G LC(X) containing Y, W as closed 
subsets, ZUW G LC(X) containing Z,W as open subsets, and W CY U Z , 
we have 



cW\Y. Z 



l W\Y — >Y U W\Z- 

Proof. We only prove [(8)| because the other relations can be proved similarly and 
more easily (their proofs can be found in Section 3.2]). 

Let us take Y,Z,W£ LC(X) as in |(8)| Let us also take a C*-algebra A over X. 
Since both Y and W are closed subsets oiYUW e LC(X), Y n W is closed both 
in y and in W. Therefore we have a commutative diagram with exact rows 







A(W\Y) 







A(W\y) 



A(y u w 7 ) 



A(W) 



A(Y) 



■0. 



A(y n wo - 

Since both Z and W are open subsets oi Z L)W £ LC(X), Z C~\W is open both in 
Z and in W. Therefore we have a commutative diagram with exact rows 



0- 



■ A(zn w) 



A(W) 



A{W \ Z) 







A(Z) 



A{ZUW) 



■A(W\Z) 
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From W C Y U Z , we get W \ Y C Z Ci W and W \ Z <Z Y CiW. Since W\Y 
is open in W, we see that W \ Y is open in Z n W. Similarly, VF \ Z is closed in 
Fnlf. Hence we get a commutative diagram with exact rows 

^ A(W \ Y) A(W) ^ A(Y n W) + 



*~ A{Z n W) » A(W) ^ A(W \ Z) 0. 

By combining these three diagrams, we obtain a commutative diagram with exact 
rows 

>- A(W \ Y) A(Y U W) 5- A(Y) ^ 



^ A{Z) ^ A(Z U W) ^ A(W \ Z) ^ 0. 

From this digram, we get a commutative diagram 

K*(A(Y U WO) — K* (A(Yj) K*(A(W \ Y)) — U- K,{A{Y U W)) 



K*(A(Z U WO) — ^ K*CA(W \ Z)) — o K*(A(Z)) K,(A(Z U WO). 

Now |(8)| follows from the commutativity of the middle square of this natural dia- 
gram. □ 



Remark 3.4. From Proposition 13. 3,(2) [ we see that the empty set is a zero object 
in NT* . From this and other relations in Proposition 13. 3( we see the vanishing 
of consecutive maps in six-term sequences associated to distinguished subquotient 
inclusions. 

Remark 3.5. The even and odd components of the element i(j in NT* defined in 
Definition 13.21 are denoted by (i^,0) and (ij/,1) (or in[?o) and im'ij) respectively. 
These are morphisms in the category NT. If the meaning is clear from the context, 
both elements are denoted simply by i. Similar comments apply to r and S. 

Definition 3.6. Let ST* be the universal Z/2-graded preadditive category whose 
set of objects is LC(X) and whose set of morphisms are generated by elements as 
in Definition 13.21 with the relations as in Proposition 13.31 

Let ST be the preadditive category whose set of objects is LC(X) x {0, 1} and 
which is naturally equivalent to 57"*. 

By Proposition 13.31 we have a canonical additive functor ST — > NT. This 
functor has been shown to be an isomorphism in all examples which have been 
investigated — including accordion spaces and all four-point spaces (see |4lll8]). How- 
ever there is an example Q of a finite To space for which the functor ST — > NT 
seems not to be faithful (see Remark l5.16l) . For such spaces we need to modify the 
definition of ST, but we do not pursue this problem in this paper. 

Let $st : 9RoD(NT) — > yJtod(ST) be the functor induced by the canonical func- 
tor ST -> NT. 

Definition 3.7. We define concrete filtered K-theory FK ST : &&(X) -)• Mod (ST) 
as the composition $st o FK. 
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Remark 3.8. As noted above, filtered K-theory FK and concrete filtered K-theory 
FKst- coincide for accordion spaces and all four-point spaces. 

Definition 3.9. An A/T-module M is called exact if for all Y E LC(X) and 
U e 0(F), the sequence 

M(U, 0) i— »- M(Y, 0) — M(F \ [/, 0) 



M(Y \ U, 1) M(Y, 1) — M{U, 1) 

is exact. An A/"T-module M is called real-rank- zero-like if for all F G LC(X) and 
£/ € 0(F), the map 5: M(Y \ U,0) -» M(J7, 1) vanishes. 

In the same way, we define exact iST-modules and real-rank-zero-like iS7~-mod- 
ules. 

Remark 3.10. For a C*-algebra A over X, the module FK(A) is exact. It follows 
from [5J Lemma 3.4] that, if A is tight over X, then FK(A) is real-rank-zero-like 
if and only if the underlying C* -algebra of A is Ko-liftable in the sense of Pasnicu- 
R0rdam [20]. By [17l Proposition 4], all real-rank-zero C*-algebras are Ko-liftable. 
By Theorem 4.2 and Example 4.8 of [20] . a tight, purely infinite C*-algebra A over 
X has real rank zero if and only if FK(A) is real-rank-zero-like. Analogous remarks 
apply with FK 5r (A) in place of FK(A). 

Theorem 3.11 ([5,16,18]). Let X be an accordion space, and let A and B be stable 
Kirchberg X -algebras with all simple subquotients in the bootstrap class. Then any 
isomorphism FK(A) — » FK(_B) lifts to an isomorphism A — > B. 

4. Sheaves 

In this section we introduce sheaves and cosheaves and recall that it suffices to 
specify them on a basis for the topology. 

Let X be an arbitrary topological space. Let B be a basis for the topology on X. 
We note that the set of all open subsets is the largest basis for the topology on X. 
We also note that for a finite space X, the collection {{x} \ x G X} is an example 
of a basis. The set B is a category whose morphisms are inclusions. 

Definition 4.1. A presheaf on B is a contravariant functor M : B — > Wo. It is a 

sheaf on B if, for every U G B, every covering {Uj}j^j C B of U, and all coverings 
{Ujki}ieL jk Q B of Uj n U k , the sequence 

(4.2) o-^to-L^n^) ; n ii M (u jk i) 

jeJ j,k£,Jl£L jk 

is exact. A morphism for sheaves is a natural transformation of functors. We denote 
by 6()(B) the category of sheaves on B. 

If B is closed under intersection (for example if B = 0), then the definition of 
sheaf can be replaced with the exactness of the sequence 

— > M{U) U [I M{Uj) U J| M(Uj n U k ) 

jeJ j,keJ 
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for all U G IB and every covering {Uj}jeJ Q B of U. 

Lemma 4.3. For a basis B for the topology on X , the restriction junctor Sf)(0) — > 
©f)(B) is an equivalence of categories. 

Proof. This is a well-known fact in algebraic geometry (see, for instance the ency- 
clopedic treatment in [25[ Lemma 009OI). We confine ourselves on mentioning that 
(|4.2p provides a formula for computing M{U) for an arbitrary open subset U . □ 

Definition 4.4. A precosheaf on B is a covariant functor M: B — > 2lb. It is a 

cosheaf on IB if, for every U G B, every covering {Uj}j e j C IB of U, and all coverings 
{Ujki}ieL lk C IB of {/,- n JTfc, the sequence 

(4-5) ^©Mft.) M(C/) 0. 

3,ke,JieL Jk jeJ 

is exact. A morphism for cosheaves is a natural transformation of functors. We 
denote by Co(5rj(B) the category of cosheaves on IB. 

Similarly to the case of sheaves, if IB is closed under intersection, the definition 
of cosheaf can be replaced with the exactness of the sequence 

(4.6) 

M(Uj n u k ) — ) 0M(fZ,-) -i J -A M(U) — > 0. 

j,keJ jeJ 
for U S B and a covering {t/j}j e j C IB of U. 

Lemma 4.7. T/ie restriction functor (£o@f)(0) — > £o(5f)(B) zs an equivalence of 
categories. 

Proof. This statement is the dual of Lemma 14.31 and follows in an analogous way. 
Again, (|4.5p can be used to compute M(U) for an arbitrary open subset U . □ 

With regard to the next section we remark that every finite T -space (more 
generally every Alexandrov space) comes with canonical bases for the open subsets, 
namely {{x} x S A}, and for the closed subsets: {{x} | x G A}. 

Lemma 4.8. Let X be a finite T^-space and let S be a pre(co)sheaf on the basis 
IB = | {a;} | x G a|. Then S is a (co)sheaf. 

Proof. This follows from the observation that in the basis IB there are no non-trivial 
coverings, that is, if U is a covering of U, then U <EU. □ 

5. Filtered K-theory restricted to the canonical base 

In this section, the functor FKg and the notions of UP spaces and EBP spaces 
are introduced. The following lemma is straightforward to verify. 

Lemma 5.1. For a finite Tg-space X the following conditions are equivalent. 

• For all x, y G A, there is at most one path from y to x. 

• There are no elements a, b, c,d in X with a < b < d, a < c < d and neither 
b < c nor c < b. 

• For all x,y G A with x — > y, we have {x} U {y} G LC(A). 
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• For every boundary pair (U,C), the pair (U, C) is a boundary pair. 
. For all x eX, d{x} = U y ^M- 
. For all x eX, d{x} = T]^ {»} • 

Definition 5.2. A finite To-space X is called UP (unique path) if it satisfies the 
equivalent conditions specified in Lemma |5. II 



Let X be a UP space. 

Definition 5.3. Let B denote the universal preadditive category generated by 
objects xi, xo for all x e X and morphisms r^*, <5|° and i~° o when x — > y, subject 
to the relations 

(5.4) V rl'Sl" = V 5l a & 

x^y z^tx 

for all x e X. 

Lemma 5.5. In the category ST, we have the relation 

EjM = ys. 



L^, {x} {y} {x} { z } 

x^y z^x 



for all x e X . 

Proof. Since X is a UP space, the collections I {y} ] and I {z} ) are disjoint, 

V / x^y V / z— >x 

respectively. Hence the desired relation simplifies to 



r £{fK_M _ :S{x}.{x} 
{x} d{x} {x} d{x} 1 



which follows from Proposition 13.3,(8)1 by setting Y = {x}, Z = {x} and W — 
{x}U{x}. □ 

Definition 5.6. The previous lemma allows us to define an additive functor B — > 
ST by x\ h-> ({x}, 1) and xq h-> ({x}, 0), and in the obvious way on morphisms. Let 

fo?: MoV (ST) -> MoD(B) 

denote the induced functor. Define filtered K-theory restricted to the canonical base, 
FK B : 8${X) -> Mod(B), as the composition of FK ST with 

Remark 5.7. The invariant FKg is only defined for UP spaces as the boundary map 
ji^l only exists when {y} U {x} belongs to LC(X). Also, the invariant FKg is most 
likely only sufficient for spaces where (|5.f 4|) holds for all boundary pairs (U, C). 

Definition 5.8. A £>-module M is called exact if the sequence 

4? 



[rl 1 -81°) ^ ^ \i*Pi 

(5.9) M(xx) ^ M(y x ) ® M(z ) M(x ) 

x^y z^x 

is exact for all x e X . 

Lemma 5.10. If M is an exact ST -module, then $b(M) is an exact B -module. In 
particular, if A is a C* -algebra over X , then the B-module FKg(yl) is exact. 
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Proof. Using again that the collections ({j/}) and ({- z }) are respectively 

V / x^ry V / z— >x 

disjoint, it suffices to prove exactness of the sequence 



r 9{x} _fid{ x } 
M({x}, 1) -iif* M(5{x}, 1) 8 M(d{x},0) 



dix} 
.{x} 

\ l §{x}J 



>M({x},0), 



which follows from a diagram chase through the commutative diagram 



M({x}, 1) M({x}, 1) ^ M{d{x}, 1) — M({x}, 0) 



M({x}, 1) — M(d{x}, 0) ^ M({x}, 0) ^ M({x}, 0) 



whose rows are exact. 



□ 



Definition 5.11. Let X be a finite Tb-space. A boundary pair (U, C) in X is called 
elementary if U and C are connected, U is open, C is closed and if, moreover, U C C 
and C C U. 

Definition 5.12. A UP space X is called EBP if every elementary boundary pair 
(U, C) in X is of the form ({x}, {y}) for two points x and y in X with x — >• 

Lemma 5.13. Lei X 6e an EBP space, and let (U,C) be a boundary pair in X. 
Then the following holds in ST: 



x—ty,x£U,y£C 



Proof. We would like to show the relation (|5.f 4p for a boundary pair (U, C) in X. 
The proof goes by the induction on the number \U U C| of elements of U U C. If 
either U or C is empty, then both sides of (|5 . 14[) are 0. This takes care of the 
case \U U C| =0. Suppose for a natural number n, we have shown (|5.14[) for all 
boundary pairs (U,C) with \U U C < n, and take a boundary pair (U,C) with 
|fUC| = n+ 1 , arbitrarily. We are going to show (|5.f 4p for this pair. If either U or 
C is empty, again both sides of (|5.f 4[) are zero. So we may assume that both U and 
C are non-empty. Suppose U is not connected, and choose two non-empty open and 
closed subsets U\ and Ui of U such that U = U\ U f/2- Then for i — 1,2, (Ui, C) is 
a boundary pair with U C < n. Thus by the assumption of the induction, both 
(t/i,C) and (U 2 ,C) satisfy ([5^4]) . Hence by p)| [(7)] and [(3)] of Proposition QH we 
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have 



°C ~ °C\ r U % Ux + r U l U 2 ) 
— °C l Ui + °C l U 2 

V ^ c {y}nc { y } { x } {x}nuj Ul 

+ ( V r ^ nc iJK r M nU2 iV^ 

\ C {y}nc {y} {x} { X }nu 2 

x—>y,x£U 2 ,y£LC 



V r {v}nC jM fit! r^} nU i U ~ 

c {y}nC u {y} {x} l {x }nu 

x^ry,x£U,y£C 



since we for x € t/j have {x} D U\ = {x} Pi U because f/j C U is open. This shows 
(I5.14p for ([/, C). Thus we may now assume {/ is connected. In a very similar way, 
we get (|5.14p using the assumption of the induction if C is not connected. Thus we 
may assume C is connected. Next suppose we have U %C. Set U' = U R C which 
is a proper open subset of U. The pair (U', C) is a boundary pair because U' U C = 
((/UC)nCe LC(X). We have 5g = flg'ig, by applying [(j)] of Proposition [S3] for 
y = C, Z = U and W = U'UC. Since |C/' U C\ < n, we get by the assumption of 
the induction that 



°c — °C l U' 



\^ r {y}nc { y } ,{x} jx}nu' .u' \,u 
2^ r c Z Mnc°M W l {x\wr u ' 



x—¥y,x^U'^y^C 

_ >p Irfnc Hi} r Wn[/ 

c {y}nC {y} {x} {x}nu 

x—ty,x£U,y£C 

since a; — > y, x S t/ and y £ C imply x £ U', and we have {x} PI J7 = {x} n [/'. 
This shows (|5.14[) for ({/, C). Thus we may now assume U C C. In a very similar 
way, we get (|5.14j) using the assumption of the induction if C $Z £/. Thus we may 
assume C Q U. 

It remains to show (|5.14|) for a boundary pair (U, C) such that U and C are 
connected, U C C and C C U. To this end, we use the assumption of the proposi- 
tion. Take such a pair ([/, C). Since X is UP, the pair (U, C) is a boundary pair by 
Lemma \5. 11 It is not difficult to see that the pair (U,C) is elementary. Hence by 
the assumption of the proposition, there exist x S f and y € C such that [7 = {x}, 
C = {?/} and x — > y. By |(6)| and |(7)| of Proposition 13.31 we get 

c- c c [/ c {y} M 

It remains to prove that (x, y) is the only pair satisfying x — ► y, x 6 {/ and y £ C. 
First note that [/ = {x} implies x £ C/, and also that C = {y} implies y £ C. Now 
take u 6 £/ and c G C with u — > c. Since £/ C {x} and C C {?/}, there exist a 
path from u to x, and a path from y to c. These two paths together with the arrow 
x — > y give us a path from u to c. Since X is UP, this path should coincide with 
the arrow u — > c. Hence we get u — x and c = y. This finishes the proof. □ 
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Lemma 5.15. Let X be a finite To- space. Assume that the directed graph associated 
to X is a forrest, i.e., it contains no undirected cycles. Then X is an EBP space. 

Proof. It is clear that, if the directed graph associated to X is a forrest, then X is 
a UP space. Let us take an elementary boundary pair (U,C). Choose a minimal 
element x £ U . Since U C C, there is y S C with x > y. We can, moreover, 
assume that x — > y because U U C is locally closed and x is minimal in U. Since £/ 
is open and C is closed, we have {x} C [/ and {y} C C. We will show that these 
inclusions are equalities using the fact that X is a forrest. Take u £ U arbitrarily. 
Since U C C, there exists aceC such that u > c. Thus we have a path from it to 
c. Since both f/ and C are connected, there exist undirected paths from u to x and 
from ?/ to c. These two paths give us an undirected path from u to c through the 
arrow x — > y. This path should coincide with the directed path from u to c because 
X contains no undirected cycles. Hence we get a path from u to x. This shows 
u e {x}, and therefore we get U — {x}. In a similar manner, we get C — {y}. □ 

Remark 5.16. The above lemma applies, in particular, to accordion spaces. The 
conclusion of Lemma 15.131 can also be verified for various UP spaces which are not 
forrests — the smallest example being the so-called pseudocircle with four points. 
Consider, however, the sixteen-point space Q defined by the directed graph 



Then Q is a UP space that is not an EBP space as the subsets U — {xi, X2, ■ ■ ■ , xs} 
and C = {yi,y2, ■ • ■ ,ys} give an elementary boundary pair (U,C) that does not 
satisfy U — {x} nor C = {y} for any x,y £ X. A simple computation shows that 
the boundary decomposition of 8q specified in Lemma 15.131 holds in the category 
NT. However, we believe that it does not hold in ST. 

The following theorem has two important consequences. Firstly, as stated in 
Corollarv l5.191 it implies that for real rank zero C*-algebras, isomorphisms on FKg 
lift to isomorphisms on FK57-. By Theorem 13.111 FK57- is strongly complete for 
stable Kirchberg X-algebras when X is an accordion space. Secondly, by Lemma 5.6 
of [5] any exact A/"T-module over an accordion space X is of the form FK(A) for 
some Kirchberg X-algebra A, so any exact 2?-module over the accordion space X 
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will be of the form FKb(A) for some Kirchberg A-algebra A of real rank zero. This 
second consequence is useful for constructing examples of Kirchberg A-algebras. 

Theorem 5.17. Let X be an EBP space. The functor 

$ B : moV(ST) -»• SOToi>(B) 

restricts to an equivalence between the category of exact real-rank-zero-like ST- 
modules and the category of exact B-modules. 

A proof of this theorem is given after the following remark and corollary. 

Remark 5.18. The proof works not only for EBP spaces but more generally for UP 
spaces for which 

5 U C = Y rW n °M b^M™ i v ~ . 
c £^ c {y}nC {y} {x} {x]nU 

x—ty,x£U,y£C 

holds in ST for all boundary pairs (U, C), cf. Lemma 15.131 

Corollary 5.19. Let A and B be C* -algebras of real rank zero over an EBP 
space X. Then for any homomorphism ip: FKe(A) — > FKs(S), there exists a 
unique homomorphism <I>: FKs7-(^4) — > FKg-r(B) for which $b{^) = f- If ' f * s an 
isomorphism, then so is 

Proof of Theorem \5.PA We will explicitly define a functor from the category of 
exact B-modules to the category of exact real-rank-zero-like 6>T-modules. 

Let an exact B-module N be given. We will define an ST-module M. We begin 
in the obvious way: For x € X, let M({x}, 1) = N(x~i) and M({x},0) = N(x ). 
Similarly, for x — > y, we define the even component of i~ to be i~° , the odd 

{x} X( > 

component of r^X to be rj 1 , and the odd-to-even component of to be . 

{x} x i' 1 {y} Vi 

This makes sure that, finally, we will have 3b (A/) = N. Also, we of course define 
6%: M(C,0) -> M(U,l) to be zero for every boundary pair (U,C) so that M will 
be real-rank-zero-like. 

For x > y, let x — > X\ — > X2 — > ■ ■ ■ — > x n — >• y be the unique path from x to y. 

Define the even component of i~ to be the composition vi 10 i~ ■ ■ ■ $~ and the 

' i x \ 1 xo x 10 x, l0 

odd component of r-j^j- as the composition r^V^- 1 • • • rfi- . In case of x = y, this 

\x I n 

specifies to i~° = id M ^^ Q j and = id^^^y t y If we have x —> y, then these 
definitions coincide with the ones we gave before. 

We observe that the groups M({x\, 0) with the maps i~ define a precosheaf on 

b = {{x} | x e a}. By Lemma \4. 81 it is in fact a cosheaf. We can therefore apply 

Lemma 14.71 and obtain groups M(U,0) for all sets U and maps iK-: M(U,0) — > 
M(V,0) for open sets U C V which fulfill the relations (1) and |(3)| in Proposition 



For an arbitrary locally closed subset Y S LC(A) we write Y = V\ U with open 
sets U C V and define M (Y, 0) as the cokernel of the map $ : M(U, 0) -)■ M (V, 0). 
That this definition does not depend on the choice of U and V can be seen in a 
way similar to the proof of |19[ Lemma 2.15] using that pushouts of abelian groups 
preserve cokernels. We obtain maps ry : M(V,0) — > M(Y, 0) for every open set V 
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with relatively closed subset Y C V such that the following holds: If Y £ LC(X) 
can be written as differences Vi \ Ui of open sets for i £ {1,2} such that U\ C U2 
and V\ C V2, then the diagram 

M(U u 0) — M{V X , 0) M(Y, 0) 

(5.20) 

M{U 2 , 0) — i*- M(V 2 , 0) M(y, 0) 

commutes. 

For a relatively open subset {/ C F g LC(X) we obtain a map i^i M(U,0) — > 
M(Y, 0) using the diagram 



(5.21) 



M(dU, 0) — i-*- M(LT, 0) — M(U, 0) 

i i I i 

M(ar, 0) — M(F, 0) — M(Y, 0). 



It is easy to check that this map coincides with the previously defined one in case 
Y is open. 

We find that, for Yi € LC(X) with Y 1 C F 2 open, and = V \ Ui for i E {1, 2} 
and open sets Ui, Vi such that U\ C U2 and Vi C V2, the diagram 



(5.22) 



M(C/!,0) 



M(t/ 2 ,0) 



M(F!,0) 



M(y 1; o) 



M(F 2 ,0) 



M(r 2 ,o) 



commutes. We know this already for the left-hand square. For the right-hand 
square, it can be seen as follows: since V\ is covered by U\ and Y\, it suffices to check 
commutativity on the images i%\(M(Ui,0)) and tp.(M(Yi, 0)). On i£(M(J7i,0)) 

both compositions vanish. On the image of M(Yi,0), commutativity follows from 
(|5.20p and (|5.2ip considering the diagram 



M(Y 1 , 0) — - M(V , 0) — ^ M(Yi , 0) 



M(F 2 , 0) — U- M(V 2) 0) M(Y 2 , 0). 
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Now let Y e LC(X), 
Consider the diagram 



let U be a relatively open subset of Y and let C = Y \ U. 



(5.23) 



M(dU,0) 



M(dY,0) 



M(U,0) 



M(dY\dU,0) 



M(Y,0) 



M(Y\U,0) 



M(U,0) 



M(Y,0) 



M(C,0), 



whose solid squares commute and whose rows and solid columns are exact. A 
diagram chase shows that there is a unique surjective map r Y ' : M(Y, 0) — > M(C, 0), 
as indicated by the dotted arrow, making the bottom-right square commute and 
making the right-hand column exact at M(Y, 0). Again, we can easily check that 
this map coincides with the previously defined one in case Y is open. 

We have now defined the even part of the module M completely. It is straight- 
forward to check the relations |(3)| and |(4)| in Proposition 13.31 We will now prove 
that the relation |(5)| holds as well. 

For this purpose, fix Y G LC(X), let U C Y be open and let C C Y be closed. 
Consider the diagram 



M(U,0) 



M(U, 0) 



M(Y, 0) 



M(unC,o) 



■M(C,0) 



M(Y,0) - 

We would like to prove that the right-hand square commutes. The left-hand square 
commutes by definition of the map ifr. Since U D C = U D C, we can therefore 
assume without loss of generality that U and Y are open. Commutativity then 
follows from (pT2"2"|) . 

Next, we will convince ourselves that the relation |(2)| in Proposition 13.31 holds 
on the even part of M. Let W = Y U Z be a topologically disjoint union of subsets 



Y,Z e LC(A). Fix to G M(W,0). Then (to 
Hence there is y € M(Y, 0) with yi^ — w 
as ifr^y = 0. We get 

w , „z -w 



- wr 

z -w 

wr w l z ■ 



Z jW\ 
W l Z I 



w ~ u d, ° L z ' w 
Applying shows y - 



id Z - 



f Y -W i Z -W \ 

w{r w i Y +r w i%) 



■W i z -w 
yi Y +wr w i z 



w. 



We have shown that 



Y -W i z, ■ 



Z ;W 



— i&w as desired. 



We have defined all even groups for the desired module M and the action of all 
transformations between them. We have checked all relations only involving trans- 
formations between even groups and verified exactness of M(C, 0) — > M(Y, 0) — > 
M(U, 0) for every boundary pair Y = U U C. 

We intend to do the same for the odd part of the module M in an analogous way. 
We start out with the given data consisting of the groups M({x}, I) and the maps 
r^|, x — > y, extend this to a sheaf on the basis {{x} | x £ A} of closed sets and 
apply Lemma 14.31 Observing that every locally closed subset of X can be written 
as a difference of two nested closed sets and using the functoriality of the kernel of 
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a group homomorphism, we define groups M(Y, 1) for all Y S LC(X) and actions 
for all transformations between these odd groups. Using arguments analogous to 
the ones above, we can verify the relations |(1)| to [(5)| in Proposition 13. 31 on the odd 
part of M. 

It remains to define the odd-to-even components of the boundary maps 8^ for 
all boundary pairs (U,C), which has only been done in the special case U — {x}, 
C = {yj with x -> y. Our general definition for 8% : M(C, 1) M(U, 0) is 



(5.24) 8 U C = V r { r y}nC t^l sW r W™iV . 

V ' C £^ C {y}nc {y} {x} {x}nu 



Our next aim is to verify the relations ! (6) (7) and |(8)| in Proposition ^. 31 We begin 
with relation [(6) | Let (U, C) be a boundary pair and let C C C be relatively open. 
We have by the relations |(3)| and |(5)| that 



iC :U _ ,-c ( Jrfnc Ay} Ax} {x}nu -u 

x—>y,xEU,yEC 



x^-y,x£U,y£C 



{y}nc> -M s {x} r {x}nu ,u_ 
C" {y}nc {y} {x} {x}nu' 



Since C is relatively open in C, {y} D C" is empty unless y € C". Therefore, the 
above sum equals 



,{v}nC „•{!/} r Wn(7 ^ 



c ' ^ c ' {y}nc { y } ' {x} ~{x}nu' 

x—ty,xEU,y£C 



This shows relation |(6)| The relation |(7)| follows similarly. 

Next we will check relation^ Let Y, Z, W E LC(X) such that Y U W E LC(X) 
containing Y, W as closed subsets, ZUW E LC(X) containing Z, W as open subsets, 
and W C Y U Z. For each ie2 and y EY with x — > y, we define 7^ : M (Y, 1) -> 
Af(Z,0)by 

Since W \ Y is an open subset of Z (see the proof of Proposition I3.3[) . we have 

{x} n (W \ Y) = {x} n Z for each a; £ W \ Y. We also have y E W ii y E Y satisfies 
x — > y for some a; E VK\Y because VF C YUVF is closed. Therefore, by the relation 



(4) we get 



x^ry ,x£W\Y,y£Y 



V r {y]nY i {v} 8 {x} r {x]nZ i?~ 

^ Y % Jy}nY °M r {xT } \x}nz 

x^y,xeW\Y,y£WnY 



where we set 



£ 7*,» 

(a:,B)£Ai 



Ai = {(x, y)\x->y, x GW\Y, y eW C\Y}. 
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In a similar way using the facts that W \ Z is a closed subset of Y and that Z is 
an open subset of Y U Z, we get 

w\z s z _ V- -y 

(x,y)eA 2 



where we set 
If we set 



A 2 = {(x,y) | x^y, xG W D Z, y e W\Z}. 



A[ = {(x, y)\x^y, x 6 W n Y n Z, y eWDY}, 
A' 2 = {{x, y)\x->y, x ewnz, y eW n y n Z} 

then we have 

{(x, y)\x-ty, x eWnZ, y e W n F} = A x U A' x = A 2 U A 2 
because W C Y U Z implies (W fl Z) \ f = If \ 7 and (W n7)\Z = 
Therefore in order to show the equality Sy^ Y iyy\y ~ r Y^ ' &w\z> ^ surnces to show 

For each p <G W n F n Z, we get 

y rM s^i = y M 1^ 

^ M {y} ^ M {x} 

from the definition of ^-modules. Multiplying from the left with ry^ nY ii^i^, and 

from the right with r~ nZ i~ , and summing up over p E W HY R Z , we get 

{p} {?}nz 



\ - r Wny Hp} / r M 

y { p }nyV^ M "{p}nz 



, .. . Mnz' 



2^ r Y {p}nF I 2^ °{p} l w) r {f } 
wnmz 

By the relations [(3)J [(4)] and [(5)J we get 

Wni- "W'M "{p}nz 



(5.25) £ E r Y }nY %Ly 4^"* & 



pewnYnz y<-p 

^ { P }ny { P } {x} {x}nz' 

pewnYnz x^p 

Since y is locally closed, the conditions pGWDYnZ,y^~p and {y} 07^0 
imply y E Y. This further implies y £ W because C y U is closed. Hence the 
left-hand side of (|5.25[) equals Y2^ x y)eA' "fx.y In a similar way, we can see that the 
right-hand side of (|5.25|) equals Y]^ y)eA' 7*>v Thus we have proven the relation 
|(8)| and this finishes the verification of all relations in Proposition 13.31 

Hence, M is indeed an 57~-module. To see that M is exact, it remains to show 

that the sequences M(C, 1) \ M(U, 0) ^ M{Y, 0) and M(Y, 1) ^ M(C, 1) \ 
M(£7, 0) are exact for all boundary pairs (U, C) with Y = U U C. 
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Fix an element i£l and consider the commutative diagram 



M({x},l) 



M({x}, 1) 



M(d{x},l) 
I 

i 
-M({x},0) 



M({x}, 1) — °^ M(5{x}, 0) — 

Using exactness of the upper row and the fact that N was an exact 0-module, a 
diagram chase shows that the bottom row is exact. In a similar way, we see that 
the sequence 

M({x}, 1) -4 M(B{x}, 0) -4 M({a:}, 0). 

is exact for every i£l. 

Next, let y G LC(A') and let x G F be a closed point. Then yn{i} is relatively 
closed in {x} because Y is locally closed. A diagram chase in the commutative 
diagram 



M({x},l) 



M({x},l) 



M{d{x}\(Ynd{x}),0) 



M(d{x},0) 



M(Y Dd{x},0) 



M(M\(Fn{x}),o) 



M({x},0) 



M(yn{x},o), 



whose columns and top row are exact, yields exactness of the bottom row. By a 
diagram chase in the commutative diagram 

M({x}, 1) — o-^ M(Y n d{x}, 0) — M(Y n {x\, 0) 



M({x}, 1) — M(y \ {x}, 0) 



M(y,0) 



using the exact cosheaf sequence (|4. 6[) for the covering (y \ {a;}, Y D {x}) of y we 
obtain exactness of the bottom row. Notice that, using a further diagram chase, it 
is not hard to deduce the exactness of the cosheaf sequence for a relatively open 
covering of a locally closed set from the open case. 

We have established the exactness of the sequence M(C, 1) — — > M(U, 0) 
M(y, 0) for all boundary pairs (t/, C) with C a singleton. Analogously, we find that 

C cU 

Miy, !) !) ^(t 7 . °) is exact whenever {/ is a singleton. 

We will proceed by an inductive argument. Let n > 1 be a natural number and 

assume that exactness of the sequence M(C, 1) — ^4 M(U, 0) M(y, 0) is proven 
for all boundary pairs (£/, C) for which C has at most n elements. Let ([/, C) be a 
boundary pair such that C has n + 1 elements. Write Y = U U C. Let p £ C be a 
maximal point and set U' = U U {p}, C = C \ {p}. Then ([/', C") is a boundary 
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pair. A diagram chase in the commutative diagram 

M({p}, 1) — ^ M(C, 1) — M(C", 1) -o^ M({p}, 0) 

I I 
\ I 

M({p}, 1) — M (U, 0) — M(t/', 0) M({p}, 0) 

i i 

M(Y,0)^=M(Y,0), 
whose rows and third column are exact, shows exactness of the second column. 

Again, exactness of M(Y, 1) — > M (C, 1) — > M (U, 0) for all boundary pairs follows 
in a analogous manner. We conclude that M is an exact tST-module. 

Summing up, we have associated an exact real-rank-zero-like <ST-module with 
every exact S-module. By the naturality of our constructions using kernels and 
cokernels we in fact obtain a functor G from the category of exact £>-modules to 
the category of exact real-rank-zero-like tST-modules. Let F be the restriction of 
the functor S'g to the category of exact real-rank-zero-like <ST-modules. Then the 
composition GF is equal to the identity functor on the category of exact £>-modules. 
It remains to show that FG is naturally isomorphic to the identity functor on the 
category of exact real-rank-zero-like iST-modules. 

Let M be an exact real-rank-zero-like iST-module. We will construct ajiatural 
<ST-module isomorphism r\M ■ M — > (FG){M). For x G A we have M({x},0) — 
(FG)(M)({x},0) and M({x}, 1) = (FG)(M)(Jx},l). Hence we set r) M ({x},0) = 
^m(Tx} o) anc ^ r ' M ({ a '}' 1) = ^m(Jx} i)- Using the universal property of kernels and 
cokernels we obtain natural group homomorphisms Jy : M(Y, 1) — > (FG)(M)(Y, 1) 
and gy. (FG)(M)(Y,0) -> M(Y,0) for every Y £ LC(X). An application of the 
Five Lemma shows that these are in fact isomorphisms. We can therefore define 
VM (Y, 1) = f Y and VM (Y,0) = (gy)- 1 . 

Finally, we check that this collection of maps constitutes an iST-module homo- 
morphism, that is, the group homomorphism r)M '■ M (FG)(M) intertwines the 
actions of the category ST on M and on (FG)(M). By construction this is true 

for the transformations 0), ( r -pp 1) an( l ^j-j f° r a ll x , V £ A with x — > y. By 

Lemma POl and Lemma W7l\ it is also true for the transformation [ijj, 0) for all open 
subset U, V of X with U C V and for (r®, 1) for all closed subsets C,D of A with 
DCC. 

Let V C A be open and let Y C V be relatively closed. Since {ry, 0) was defined 
as a natural projection onto a cokernel, our assertion holds for this transformation 
as well. Consequently, by (|5.2ip the assertion also follows for the transformation 
($,0) for Y E LC(A) and U C Y relatively open. Finally implies the 

assertion for the transformation Ty with Y € LC(A) and Ccy relatively closed. 
We have shown that rj intertwines the actions of all even transformations on the 
0-parts of M and (FG)(M). By analogous arguments the same follows for the 
actions of all even transformations on the 1-parts of M and (FG)(M). 

Our last step is to consider the action of a boundary transformation Sq for a 
boundary pair (U,C). Since M and (FG)(M) are real-rank-zero-like the 0-to-l 
component of Sq acts trivially on both modules. We have already seen that the 
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assertion is true for the l-to-0 component of Sq in the specific case that (U, C) — 
({x}, {y}) with x — > y. The general case then follows from (|5.24[) as X is EBP. □ 

6. Reduced filtered K-theory 

Let X be an arbitrary finite To-space. In this section we introduce a functor FK^ 
which is equivalent to the reduced filtered K-theory defined by Gunnar Restorff 
in 

Definition 6.1. Let TZ denote the universal preadditive category generated by 
objects xi,dxo,xo for all x € X and morphisms S^f and i~° for all x £ X, and 

when y — > x, subject to the relations 

(6.2) 5^°if =0 

(6.3) v?p 

for all x £ X, all y G X satisfying y > x, and all paths p, q e Path(y, x), where for 
a path p — {zk)k = i in Path(y,a;), we define y(p) = z?, and 

P 2nO 9z„-l z 30 9z 20 

Definition 6.4. It is easy to see that the relations in ST corresponding to (|6.2p 
and (|6.3[) hold. We can thus define an additive functor 7?. — > ST by xi ({a;}, 1), 
&eo i — y (d{x},0) and xo ^ ({^IjO)) an d in the obvious way on morphisms. Let 
fin: dJtod(ST) — > %}lo'd(lZ) denote the induced functor. Define reduced filtered K- 
theory, FK-r. as the composition of FK57- with fin- 

Definition 6.5. An 7\L-module M is called exact if the sequences 

(6.6) M{ Xl ) 4 M(dx ) A M(x ) 

(6.7) M(^T) ) fe ^ )< - ) > M(5b) ^ M(dx ) 

(p,g)€DP(i) y-yx 

are exact for all x E X, where DP(i) denotes the set of pairs of distinct paths (p, q) 
to x and from some common element which is denoted z(p, q). 

Lemma 6.8. Let M be an exact real-rank- zero-like ST -module. Let Y be an open 
subset of X and let (Ui)nzj be an open covering ofY. Then the following sequence 
is exact: 

M{Ui n Uj,0) — — '—^ M(Ui, 0) — M(Y, 0) — ► 0. 

i,j£l iel 

Proof. Using an inductive argument as in [9j Proposition 1.3], we can reduce to the 
case that J has only two elements. In this case, exactness follows from a straight- 
forward diagram chase using the exact six-term sequences of the involved ideal 
inclusions analogous to the one in the proof of Lemma 15.101 □ 

Corollary 6.9. Let M be an exact real-rank-zero-like ST-module and set N — 
3il(M). Then N is an exact TZ-module. 
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Proof. We verify the exactness of the desired sequences in M. The sequence (|6.6|) is 
exact since it is part of the exact six-term sequence associated to the open inclusion 
d{x} C {x}. To prove exactness of the sequence (|6.7p . we apply the previous lemma 
to Y = d{x} and get the exact sequence 

y—*x,y'-^x 

y > M(d{x},0) — K). 

Another application of the previous lemma shows that ®( p g ) 6 rjp( x ) (^(p, 0) 

surjects onto ® y _ >1 y i_ Kc M({y} (~l {y'},0) in a way making the obvious triangle 
commute. This establishes the exact sequence (|6.7I) . □ 

Remark 6.10. If X is a UP space, then the set DP(i) is empty for every x 6 X. 

Hence, for an exact ^-module M, the map (i-* ): ® y ^ x M(y ) -> M(dx ) is 

an isomorphism. In this sense, the groups M(8xq) are redundant for an exact 
7?.-module in case X is UP. 



7. AN INTERMEDIATE INVARIANT 

In this section, we define one more invariant, which, in a sense, can be thought of 
as a union or join of reduced filtered K-theory FK-jz and filtered K-theory restricted 
to canonical base FKg. It functions as an intermediate invariant towards concrete 
filtered K-theory FK57-. 

Let X be a UP space. 

Definition 7.1. Let BIZ denote the universal preadditive category generated by 
objects x\, xi, xq for all a; 6 A and morphisms for all x € A and r^, and 

i~° when x — > y, subject to the relations 

(7-2) E^€° = E 5 lt 

x—>-y z-^-x 

for all x £ X and 

(7-3) il\r\\ = 

when x — > y. 

As before, there is a canonical additive functor BIZ — > ST, inducing a functor 
$ Bn : moX)(ST) -> 9JtoD(Sft). Define FK STC as the composition of FK 5r with 

The category B embeds into BIZ, and a forgetful functor 9JtoJ>(i37£) — > 9Jtou(,8) 
is induced. Define an additive functor $bti,k'- 9Jtod(B7Z) —> yjlod(7Z) by 

M(dx ) = M(y ) 
and £?f° = (€]5i°). One can check that this functor is well-defined. 
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Definition 7.4. A BlZ-modu\e M is called exact if the sequences 

fir 

(r- 1 ~S-°) 

(7.5) M^) ^ M{y x ) ® M(z ) M(x ) 



(7.6) -► M( Xl ) % M(3Fi) M(y t ) 



are exact for all x € X and all y € X satisfying x — > y. 

Lemma 7.7. Let M be an exact real-rank- zero-like ST -module. Then 3g-R,(M) is 
an exact BIZ-module. 

Proof. The proof is similar to the proof of Lemma 15.101 □ 

Theorem 7.8. Assume that X is a UP space. Let M and N be exact BIZ-modules 
with M(xi) and N(xi) free for all non-open points x € X , and let Lp: 3bii,1i{M) — > 
■5l3il,iz(N) be an TZ-module homomorphism. Then there exists a (not necessarily 
unique) BIZ-module homomorphism <&: M — > N satisfying $BTl,'Tl{<&) = If f is 
an isomorphism then, by construction, so is 

Proof. For x G X, we define <& Xl = (p Xl and <I>£ = (pB . In the following, we will 
define & x - 1 by induction on the partial order of X in a way such that the relations 

(7-9) 4j%x=*x 1 r-| ! 



(7.io) = 



(7.11) = * X1 <S 

hold for all y with x — >• y and all 2 with z — > x. For closed points x £ X, we set 

Here we have used that, by exactness of (I7.6[) . i* 1 is invertible as there is no y 
with x —> y. While the condition (|7.9[) is empty, (|7.10[) is guarantied by ip being an 
7?.-module homomorphism, and (|7.11|) holds by construction. 

Now fix an element w G X and assume that $ Sl is defined for all x < w in a way 
such that (|7.9|) and ()7.10p hold. Using the exact sequence (|7.6|) and the freeness 
of ©^jMffi), we can choose a free subgroup V C M(Wi) such that M(Wi) 
decomposes as an inner direct sum 



M(TZJ 1 ) = U©M( W1 )-CJ. 
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We will define & mi by specifying the two restrictions I V an d & 
Consider the diagram 
(7.12) 



N(xt 



' ((**).(**)) 



M(x ) 



N(x ) 



By assumption, the rows of this diagram are exact and the right-hand square com- 
mutes. We can therefore choose a homomorphism fl^Jy: V — > N(xi) such that 
the left-hand pentagon commutes. 

By exactness of (|7.6[) . i%\ is injective. Its corestriction onto its image M(x\) ■ v%} 
is thus an isomorphism. We may therefore define the restriction &xi\ M t Xl \ m 
the unique way that makes the following diagram commute: 



(7.13) 



M( Xl ) 



■M{ Xl 



N{x x ) 



We have to check that = {^wi\v,^wi\ M , Wl y^) fulfills (jTUl) and fTTTu]) (with 
x replaced with w). This is true on V because of the commutativity of the left- 
hand side of (|7.12[) . It is also true on the second summand: by (|7.3p , both sides 
of (|7.9p vanish on this subgroup; (|7.10p follows again from ip being an 7?.-module 
homomorphism; and (|7.11[) holds by construction. This completes the induction 
step. 

The claim, that $ is an isomorphism whenever tp is, follows from a repeated 
application of the Five Lemma. □ 

Corollary 7.14. Assume that X is an EBP space. Let M and N be exact, 
real-rank- zero-like ST -modules with M ({x}, 1) and N({x}, 1) free for all non-open 
points x £ X , and let ip: 3iz(M) — >• Stz(N) be an IZ-module homomorphism. Then 
there exists a (not necessarily unique) ST -module homomorphism M — > N sat- 
isfying $n{^) = an d if ^ i s by construction an isomorphism. 



Proof. Combine Theorems 17.81 and 15.171 



□ 



Corollary 7.15. Let A and B be C* -algebras of real rank zero over an EBP space 
X , and assume that ¥^\(A(x)) and Ki(B(x)) are free groups for all non-open points 
x £ X. Then for any homomorphism ip: FK-^(v4) — > FK-r.(_B) ; there exist a (not 
necessarily unique) homomorphism $: FKg-j-(A) — > FK57"(_B) for which $ii(&) 
, If ip is an isomorphism, then $ is by construction an isomorphism. 

Consider the space V = {1, 2, 3, 4} defined by 4 ->• 3, 4 ->• 2, 3 -)■ 1, 2 -> 1. The 
space V is not a UP space. The second named author showed in [3] that there exists 
a finite refinement FK' of filtered K-theory FK given by adding a C*-algebra i?i\4 



REDUCTION OF FILTERED K-THEORY 



25 



to the collection (Ry)y eLC(T>)* °f representing objects, creating a larger category 
NT' . By [4j Theorem 6.2.14], isomorphisms on the refined filtered K-theory FK' 
lift to KK(P)-equivalences, and thereby (using [16) to P-equivariant isomorphisms, 
for stable Kirchberg P-algebras with all simple subquotients in the bootstrap class. 
However, there exists non-isomorphic stable Kirchberg D-algebras A and B of real 
rank zero and with ¥K{A) = FK(B), cf. [2]. 

Proposition 7.16. Let A and B be C* -algebras over T>, assume that A and B 
have real rank zero, and assume that Ki(A(a;)) and K.i(B(x)) are free groups for 
all x G {1,2,3}. Then any homomorphism ip: FK-r.(A) — > FK.n(B) extends (non- 
uniquely) to a homomorphism $ : FK (A) — > FK'(_B). If tp is an isomorphism, then 
$ is by construction an isomorphism. 

Proof. By Section 6.2.5 of [4], the refined filtered K-theory FK' consists of the 
following groups and maps: 




\ 

13 24 "2 

The proof of [2j Lemma 3.4] applies to the space T>, hence the two triangles 



FK 234 (A) 



•234 , j[234 , .23^ 
2 34 +°1 + l 2 



3 r4 f 
0123/4 



FK 1N4 (A) 



°(/ 34 ,/\/ 24 ) 



FK 34 (A) © FKi(A)[l] © FK 23 (A) 



fll234 3 ,123 
J °1 ' 234*3 



FK 123 (A) 




FK 1V4 (A) 



FK 12 (A) © FK 4 (A)[1] © FK 13 (A) 
are exact. Since A is of real rank zero, the maps 

Jj4 r34 

FK? 23 (A) ^> FK4 (A) , FK? 2 (A) ^ FK 34 (A) , 



c24 r234 

FK° 13 (A) FK 24 (A), FK°(A) FK 234 (A) 

vanish by Proposition 4 of [17] . So for C*-algebras over T> of real rank zero, the 
invariant FK' with the group 1 \ 4q and its related maps omitted, consists of the 



20 



SARA ARKLINT, RASMUS BENTMANN, AND TAKESHI KATSURA 



following groups and maps: 

24i 2i 12i 



4i 



34 



3 



234 t 9- 1234! 9- 123i —5- 4 -9- 1 \ i x -5- 1 1 —5- 234 9- 1234 9- 123 



13 



The reduced filtered K-theory FK^ consists of the sequences 3i — > 4q — >■ 34o, 
2i -> 4 -> 24 , li 234 -> 1234 together with the maps 34 -> 234 and 
24 ->• 234 and the group 4i . 

We will now construct $ = (5?y)YeLC(x>)*u{i\4} from ip. Define &} x \ = fxn 
= and <£> a ~ = p £o for all x e V. For F e {3,2,123,13,12,1}, the 

maps $y are constructed as the induced maps on cokernels, as in the proof of 
Theorem GTT7| 

Since FK}(A) is free and the sequence 



— »• FK° 4 (A) ^ FK\ X4 (A) A FK\(A) — > 

is exact, we can find a free subgroup Vi\ 4 of FK]\ 4 (j4.) for which im/4 © Vi\4 
FK]\ 4 (A). Consider the commuting diagram 



1\4 



FK° 34 {A) © FKj(A) © FK° 24 {A) 



,234 , r234 , -234 
*34 i v l ' £ 24 



FK° 2U (A) 



,234 ,r 234 1 -234 
L 34 ^ 1 ~24 



FK° 34 (i?). 



FK 1V4 (B) 4> FK° 4 (B) © FKj(B) © FK° 4 (B) 

Since the bottom row is exact and due to freeness of Vi\ 4 , we may choose a map 
ip: Vi\4 —> FK\\ 4 (B) that makes the left square of the diagram commute. Define 
$i\ 4 on im/4 © Vi\4 as $ 4 + ip. By construction, 

and by the Five Lemma, the homomorphism $}y 4 is an isomorphism if ip is an 
isomorphism. 

Similarly, to construct $} 2j use exactness of the sequence 

— > FK^(A) ^> FKi 2 (A) ^> FK}(A) ^ FK a 2 {A) 

and freeness of FKj(A) to choose a free subgroup V12 of FK{ 2 (A) for which 
V12 = FKJ 2 (t4). Using exactness of the bottom row of the commuting diagram 



Vv. 



FKK 4 (A)^FK° 2i (A) 



FK\ 2 (B) 



/12 



*J\4 

FKi V4 (S) 



■FK° 4 (B) 



the map $} 2 can be constructed so that 



$i2*2 2 
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Again due to the Five Lemma, <J?J 2 * s an isomorphism if ip is. The maps $} 3 , "I ) } 23 , 
^12341 ^2347 ^34; an d ^24 are constructed similarly and in the specified order. 
Finally, the group FK®\ 4 (A) is naturally isomorphic to 

coker(FK° 23 (A) ( r ™' s ™' r ™\ FK° 12 (A) © FK\(A) © FK\ 3 (A)) 

= FKl(A) © coker(FK? 23 (A) FK° 12 (A) © FK.\ 3 (A)) 

whose second summand, due to real rank zero, is naturally isomorphic to FKj(.A) 
Therefore, by defining as the map induced by $4 © <3? becomes a NT 1 - 

morphism. □ 

Corollary 7.17. Let A and B be C* -algebras over T>. Assume that A and B have 
real rank zero, that Ki(A(ar)) and Ki(B(x)) are free groups for all x £ {1,2,3}, 
and that A and B are in the bootstrap class of Meyer-Nest. Then any isomorphism 
FK n (A) -)• FK n (B) lifts to a KK{V) -equivalence. 

Proof. Combine Proposition 17. 161 with jH Theorem 6.2.14]. □ 

Corollary 7.18. Let A and B be stable Kirchberg T>-algebras of real rank zero, 
assume thatKi(A(x)) andKi(B(x)) are free groups for all x £ {1,2,3}, and assume 
that A(x) and B(x) are in the bootstrap class for all x £ T>. Then any isomorphism 
FK7j(A) — > FK-jz(B) lifts to an isomorphism A —> B. 

Proof. Combine Proposition 17. 161 with [4J Theorem 6.2.15]. □ 



8. Range of reduced filtered K-theory 

Let X be an arbitrary finite To-space. In this section, the range of reduced 
filtered K-theory for purely infinite graph algebras is determined. 

Let E be a countable graph and assume that all vertices in E are regular and sup- 
port at least two cycles. Recall that a cycle is an edge whose source and range coin- 
cide. Recall also that the saturated, hereditary subsets of E° correspond to ideals in 
C*(E). Since all subsets of E° are saturated, a continuous map Prim(C*(£')) — > X 
corresponds to a map ip: E° — > X satisfying ip(s(e)) > i[>(r(e)) for all e £ E 1 . 

Assume that such a map ip is given, i.e., that C*(E) is a C*-algebra over X. 
Then FK-r(C* (E)) can be computed in the following way. Define for each F C X 
a matrix Dp £ M^-i(^)(Z + ) as Dp = Ap — 1 where Ap is defined as 

Ap(v, w) — \{e £ E 1 I r(e) = v, s(e) = w}\. 

Let Y £ LC(X) and U £ 0(T) be given, and define C = Y\U. Then by [TT], 
the six-term exact sequence induced by C*(E){U) =— > C*{E)(Y) -» C*{E)(C) is 
naturally isomorphic to the sequence 

coker Dc 


- ker Dy 



coker D 



u 



^-!(C) 



kerDc 



■ coker Dy 



ker Dy 
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induced, via the Snake Lemma, by the commuting diagram 



Dr 



Given a map -0 : E° — > X, one can define matrices Dp as above. Then C*(E) is 
a C*-algebra over X, via ip, if an d only if Dxl^-iS vanishes when y -ft z. And if 



furthermore Dx 



is non-zero whenever y < z, then C*(E) is tight over X. 



The following theorem by S0ren Eilers, Mark Tomforde, James West and the 
third named author, determines the range of filtered K-theory over the two-point 
space {1,2} with 2—^1. We quote it here to apply it in the proof of Theorem [ 

Theorem 8.1 ( |13l Propositions 4.3 and 4.7]). Let £ 

G e s < 7 
1 *" *-^2 Lr3 





F 2 



Ft 



7 



be an exact sequence of abelian groups with F\, F%, F% free. Suppose that there exist 
row-finite matrices A G M^ n^iJ.) and B G M„ 3 n ^(Z) for some m, n[, 7J3, n' 3 G 
{1, 2, . . . , oo} with isomorphisms 

a.\ : coker A — > G\, <i\ \ ker A — > Fi, 

03 : coker _B — > G3, (3 3 : ker B —} F 3 . 
Then there exist a row- finite matrix Y G M n3) „/ (Z) and isomorphisms 



a.2 ■ coker 



A 
Y B 



G 2 , /3 2 : ker 



F 2 



such that the tuple (a±, (X2, ct 3 , f3±, f3 2 , /J3) gives an isomorphism of complexes from 
the exact sequence 



coker A ■ 

[Y] 

coker B 



coker 



F" 



coker 



■ coker B 



■ coker A 



where the maps I, I' and P, P' are induced by the obvious inclusions or projections, 
to the exact sequence £ . 

If there exist an A' G M n > jTll (E) such that A' A — 1 G M n i n < (Z+) ; then Y can 
be chosen such that Y G M„ 3>n j (Z_)_). If furthermore a row-finite matrix Z G 
M n3i „j(Z) is given, then Y can be chosen such that Y — Z G M ri3)n ' l (Z_|_). 

As subquotients of graph algebras are graph algebras, the reduced filtered K- 
theory FK^ of a graph algebra A over X will satisfy that the group Ki(A(x)) is 
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free for all x G X. Combining this with the following theorem, we get at complete 
description of the range of reduced filtered K-theory FK-r.. 

Theorem 8.2. Let M be an exact IZ-module with M(x\) free for all x G X . Then 
there exists a countable graph E satisfying that all vertices in E are regular and 
support at least two cycles, that C*{E) is tight over X and that FKtz(C*(E)) is 
isomorphic to M. By construction C*(E) is purely infinite. 

The graph E can be chosen to be finite if (and only if) M(x{) and M(xq) are 
finitely generated, and the rank of M(x\) coincides with the rank of the cokernel 
of i: M(dxo) — > M(xo), for all x EX. If E is chosen finite, then by construction 
C*(E) is a Cuntz-Krieger algebra. 



Proof. For each x £ X, choose by |131 Proposition 3.3] a matrix D x G My x (Z + ), 
where V x is a countable, non-empty set, satisfying that kerD^ is isomorphic to 

M(x\) and coker Z? x is isomorphic to M(xq) = coker(M(<9a;o) A M(xq)), and that 
all vertices in the graph Eri^+i are regular and support at least two cycles. If M(x\) 
and M(xo) are finitely generated, and the rank of M(xi) coincides with the rank 
of the cokernel of i: M(dxo) — > M(xo), then the set V x can be chosen to be finite. 
Let ip Xl : M(x\) — > ker D x and ip Xo : M (xq) — > coker D x denote the isomorphisms. 

For each y,z G X with y ^ z we desire to construct a matrix H yz : Z Vz — > Z Vy 
with non-negative entries satisfying that H yz is non-zero if and only if y > z, and 
satisfying that for each x G X there exist isomophisms 1 Pq Xo and Lp XQ making the 
diagrams 



(8.3) 



M(xi) 



and 



coker Dz, ^ 

d{x\ 



|V - 1 (8{x}) 



ker Z? T 




coker D 



kerD 



{x} 



M(x ) 



ker Dar i 

d{x) 



M(y ) 



(8.4) 



coker D 



ker£) 3r ..j-r 
9{x}\{y} 



M(dx ) 



■ coker Dz, i 

9{x\ 



kerD 



d{x} 



coker D^, 



■kerD 



{y} 
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commute when y — > x, where Df E My F (Z + ) for each F C X is defined as 
D F (v,w) 



D x (v,w) v,wEV x 
H yz (v,w) v E V v ,w E V x ,x 



with Vf — {JyzpVy The constructed graph Er> x +\ will then have the desired 
properties. 

Let U E 0(X) and assume that for all z,y E U, the matrices i? yz and isomor- 
phisms 1 Pq Vo and ifiy have been defined and satisfy that the diagrams (|8.3|) and (|8.4j) 
commute for all x,y E U with y ^ x. Let x be an open point in X \ U and let us 
construct isomorphisms <Pg Xo and (p% , and for all y G d{x} non-zero matrices H yx , 
making the diagrams (|8 . 3|) and (|8.4p commute. 

Consider the commuting diagram 



©M(2o)- 



coker D 



(*>*„) 

® y ->x coker 



■ M(dx ) 



■ coker Dz r 1 



0. 



The top row is exact by exactness of M, and the bottom row is exact by exactness 
of FK(C*(-Ed §{ } +i))- An isomorphism <fg XQ '■ M{8xq) — > coker -Dgr^i is therefore 
induced. By construction, (I8.4[) commutes for all y —¥ x. 
Now consider the commuting diagram 



M(&c ) 



coker D 



d{x} 



M(x ) 
M(x ) 



M(x ) 




coker £> T 



ker D, 



ker D 



d{x} 



M(xi) 

where a free group F and maps into and out of it have been chosen so that the 
inner six-term sequence is exact. Apply Theorem 18.11 to the inner six-term exact 
sequence to get non-zero matrices H yx for all y E d{x} realizing the sequence, i.e., 
making (|8.3p commute. □ 



Corollary 8.5. Let A be a C* -algebra of real rank zero over X , and assume that 
Ki(A(x)) is free for all x E X. Then there exists a purely infinite graph algebra 
C*(E) that is tight over X and has ¥K n (C*{E)) = FK n {A). If X is an EBP 
space, then automatically FKs7-(C* (E)) = FKs7-(.A). 

If furthermore for all x E X, the group K*(A(x)) is finitely generated and 
rankKi(A(a:)) = rankKo(A(x)), then C*{E) can be chosen to be a purely infinite 
Cuntz-Krieger algebra. 
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9. UNITAL FILTERED K-THEORY 

In [23, 2.1], Gumiar Restorff and Efren Ruiz showed that if a functor F (that 
includes Ko) strongly classifies a certain class of C*-algebra s up to stable isomor- 
phism, then the functor (F, [1_]) with the class of the unit in Ko added, classifies 
unital, properly infinite C7*-algebras in the class up to unital isomorphism. A ver- 
sion with slightly generalized assumptions of this so-called meta-theorem may be 
found in [15]. With these generalized assumptions, the theorem applies to filtered 
K-theory FK over accordion spaces X with respect to Kirchberg A-algebras with 
simple subquotients in the bootstrap class. 

Let X be an arbitrary finite Xo-space. For x, x' € X . we let inf [x, x') denote the 
set {y G X | y -> x,y -> x'}. 

Definition 9.1. The category 9Jtod(ST) pt of pointed ST-modules is defined to 
have objects (M,m) where M is a 5T-module and to G M(X, 0), and morphisms 
ip: (M,m) — > (N,n) that are iST-morphisms with ip(m) = n. 

The category 9JtoO(S) pt of pointed B-modules is defined similarly with objects 
(M, to) where M is a £>-module and 



VO !/t)/y e i„f(x,x') ST^ . ,,~ 



m g C oker [ M(y ) — ^'(^ q m( ~^ q) 

yEiaf(x,x') x£X j 

and a morphism ip: (M,rri) (N,n) is a £>-morphism whose induced map on the 
cokernels sends to to n. 

Similarly, the categories DJlod(BTZ) pt and 9Jtoc)(7^) pt of pointed BlZ-modules re- 
spectively pointed TZ-modules are defined. 

Definition 9.2. A pointed iST-module (M, to) is called ea:ac£ if M is an exact 
iST-module, and real-rank-zero-like if M is real-rank-zero-like. Similary, a pointed 
6-module, i37?.-module, or 72.-module (M, to) is called exact if M is exact. 

Lemma 9.3. Let M be an exact real-rank- zero-like ST -module. Then the sequence 

(B -<£>'. 

M({y}, 0) A™ WAg - f( - ,) ; M({z}, 0) M(X, 0) -> 

y£ini(x,x') x£X 

is exact. 

Froof. By Lemma 16.81 the horizontal row of the following commuting diagram is 
exact: 

©x,«' 6 x M (( a; } n MSf- C' e x M({x}, 0) — 0) 

,.{x}n{x'}> I 
J B ei„f(x,x') | 

e ye i„f(.,,') M (w,o) 

Furthermore, since for any pair x,x' € X the collection ({y}) y £i n {(x,x') covers {a;}fl 
{x'}, we see by Lemma 16.81 that the vertical map in the diagram is surjective. This 
establishes the desired result. □ 




:S2 



SARA ARKLINT, RASMUS BENTMANN, AND TAKESHI KATSURA 



Definition 9.4. Let A be a unital C*-algebra over a finite To-space X. Its 
united concrete filtered K-theory FK^ (A) is defined as the pointed iS7"-module 
(FK 5r (A),[l A ]). 

If A has real rank zero, then its unital reduced filtered K-theory FK^ 11 (A) is 
defined as the pointed 1Z- module (FK-jz(A),u) where u is the unique element in 



coker 



FK°~(A)^ ^^^ fflFKO-^) 

^yeinf(x,x') xeX J 



that is mapped to [1^] in Ko(A) by the map induced by the family (FK~(A) 
FK° x (A)) xeX , cf. Lemma 



If A has real rank zero and X is a UP space, then its unital filtered K-theory 
restricted to canonical base FKg mt (A) is defined similarly. 

Theorem 9.5. For any EBP space X, the functor # B : Mod(ST) -> Mod(B) in- 
duces an equivalence of categories between pointed, exact, real-rank-zero-like ST- 
modules and pointed exact IB-modules. 

Proof. Let (N, n) be an exact pointed £>-module, and let M be the exact real-rank- 
zero-like <ST-module constructed in the proof of Theorem 15 . 1 71 such that 5e (M) = 
N. Since M is exact and real-rank-zero-like, Lemma 19.31 guarantees the unique 
existence of an element m in M(X, 0) that is mapped to n. So the functor G 
constructed in the proof of Theorem 15.171 induces a functor from exact pointed B- 
modules to exact pointed real-rank-zero-like iST-modules, and the desired follows. 

□ 

Proposition 9.6. Assume that X is a UP space. Let (M,m) and (N,n) be exact 
pointed BIZ-modules with M(x±) and N(x±) free for all non-open points x € X , and 
let tp: 3stc.,7j(-M) — > dt3il,Tz(N) be a pointed IZ-module homomorphism. Then there 
exists a (not necessarily unique) pointed BIZ-module homomorphism $: M — > N 
satisfying 3b~R..tz(&) = an d if f * s an isomorphism, then $ is by construction 
an isomorphism. 

Proof. This follows from Theorem 1 7 . 81 since the groups M(xo) are not forgotten by 

Corollary 9.7. Let X be an accordion space, and let A and B be unital Kirchberg 
X -algebras of real rank zero with all simple subquotients in the bootstrap class. If 
FK^ nit (A) = FK£ nit (B) 7 then A = B. 

Proof. This follows the meta-theorem in |15| together with Theorem l3.11l and Corol- 
lary 15.191 respectively. □ 

Corollary 9.8. Let X be an accordion space, and let A and B be unital Kirchberg 
X -algebras of real rank zero with all simple subquotients in the bootstrap class. As- 
sume that Ki(A(x)) and Ki(B(x)) are free groups for all x e X. If FK™ 1 ' (A) = 
FK^ it (B), then A = B. 



Proof. This follows the meta-theorem in [15] together with Theorem l3 . 1 II and Corol- 
lary ITn □ 
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Remark 9.9. In [2] the first named author, Gunnar Restorff, and Efren Ruiz studied 
four four-point spaces that are connected UP spaces but not accordion spaces. For 
these spaces, NT and ST coincide, and they showed that if X is one of these spaces, 
then FK is a complete invariant for stable Kirchberg JT-algebras of real rank zero. 
Therefore, Corollaries 19 . 71 and 19.81 also hold for these spaces. 

Furthermore, the proof of Proposition 17.161 also applies to FK™ 1 ' and unital 
C*-algebras, hence Corollary [9?8] also holds for the space T>. 

Recall that for a unital graph algebra C*(E), the class of the unit [lc*(s)] m 
Ko(C* (E)) is sent via the canonical isomorphism Ko(C* (E)) — > cokeri)^ to the 
class [1] = (l 1 • • • l) + im De, when 1 + De denotes the adjacency matrix 
for E. 

Theorem 9.10. Let X be a finite T -space, and let (M, m) be an exact "pointed 
IZ-module. Assume that for all x G X , M(x\) is a free group, 

coker(M(dx ) M(x )) 

.xn 

i~y 

is finitely generated, and rankM(a;i) < rankcoker(Af(<9a;o) — ^> M(xq))- 

Then there exists a countable graph E satisfying that all vertices in E sup- 
port at least two cycles, that E° is finite, that C*(E) is tight over X, and that 
FK™ It (C*(i?)) is isomorphic to (M,m). By construction C*(E) is unital and 
purely infinite. 

The graph E can be chosen to have regular vertices if (and only if) the rank 
of M(x\) coincides with the rank of the cokernel of i: M(8xq) — > M{xq) for all 
x G X. If E is chosen to have regular vertices, then by construction C*(E) is a 
Cuntz-Krieger algebra. 

Proof. By Theorem l8 . 2l there exists a C*-algebra A of real rank zero with FK-ji(A) = 
M. So we may consider a real-rank-zero-like exact pointed iS7~-module (M, m) and 
aim to construct C*{E) such that $ n (M,m) = FK^'^C* (E)). Notice that, as 
in the proof of Theorem I5.17[ by using the cosheaf condition any isomorphism 
S'-r.(M) — > FKk(C*(E)) may be uniquely extended to an isomorphism M(Y,0) — > 
FK^ (C*(E)) for all locally closed subsets Y of X. 

The construction is similar to the construction in the proof of Theorem 18.21 Let 
x\ be an open point in X and define U\ — {x\}. Define Uk recursively by choosing 
an open point Xk in X \ Uk-i and defining Uk — Uk-i U Let Ck denote the 

largest subset of Uk that is closed in X. Observe that 

c k = x\ |J m 

y£CP(X)\U k 

where CP(X) denotes the closed points in X. And observe that if Xk is closed in X 

then Ck \ C'k^i C {xk} and Ck \ {xk} = C'k-i, and otherwise Ck = Ck-i- Define 
for all closed subsets C of X the element mc of M(C, 0) as the image of m under 
r: M(X,0) -> M(C,0). 

For each x not closed in X, choose by Proposition 3.6 of [13] a graph E x that 
is transitive, has finitely many vertices that all support at least two cycles, and 
such that Ki(C* (E x )) is isomorphic to M({x}, 1) and K (C* (E x )) isomorphic to 
M({x},0). Define V {x} = E° x and V' = (£°) rcg , let D {x} G M^ } (Z + U {oo}) 
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such that 1 + D{ x } is the adjacency matrix for E x , and let D', x -, denote the 
Vi x y x V{ x } matrix defined by D',-.{v,w) = D^ x y(v, w). If rankM({cc}, 1) = 
rankM({a:}, 0) then V^j = VL.y Let isomorphisms <fi{ x y- — > ker-Dr x -i 
and f^ x j ■ M({x}, 0) — > coker be given. For x closed in X we may by Propo- 
sition 3.6 of [13] choose E x and <^9 K i such that furthermore t p\ x T l { m {x}) = [!]• 

As in the proof of Theorem 18.21 we wish to construct a finite nonempty set Vx 
and a matrix Dx G My x (Z + U {oo}) such that Ei+d x i s the desired graph. We 
do so by for each U E 0(X) defining Vu = \J xe u V{ x } an d V{j = [j xeU VLy, an d 
by for each x E X constructing suitable submatrices Dt~; E My~ (Z + U {oo}) 
and D- — E M v , K ~ of D x with Dr~Jv,w) = D'~(v,w) when v E V~ 

{x} {£}'{«} S ^' M v ' {x} y ' {x} 

and D-p\{v,w) — oo otherwise. These will be constructed recursively over k E 
{1, . . . , n} to satisfy the following: For each x E X, there are isomorphisms making 
the diagram 



(9.11) 



M({x},l) 



M(d{x},0) 



M({x},0) 



ker D' 



{x} 



'a{x} 



■ coker 

d{x\ 



coker D'~ 



{x} 



commute and satisfying for all y — > x that 

(9.12) M(M,0)-UM(^},0) 



coker D- 



■ coker D'~ 



{y} 9{x} 

commutes, and for all A; G {1, . . . , n} that the isomorphism 

<p° Ck : M(C k , 0) -»• coker D Ck 

induced by (f~.)xex sends mc k to [1]. 

Assume that Xk is a closed point in X. Since D Ck \{ Xk y is already defined, we 
may define 1 . - — - as the element in Z °*\t*fc} with 



1 if i G V, 



C k \{x k } 



if i G V„ 



(c k n{x k })\{x k y 

Define fnc k \{x k } as the preimage of l c \j^r^ under the isomorphism <P°c k \{ Xk } in- 
duced by ((p9—) ye u h _ 1 . Notice that t Pc k -i( m Ck r c k ~ 1 ) = M an< ^ that, since Ck-i 
is closed in Ck \ {xt}, 

= ^\{« k }( S c t \K}) r cI\k} 

= 1 c fc \{JT} r- Cfc\{x fe } = W' 
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so by injectivity of f° Ck l , m Ck - 



l C k \{xk} l C k k \{x k } 



lies in kcrr^ -1 = imi k 



'C k 



c k n{x k y 



Choose m — c in M(C k H {xk}, 0) such that 

=m c fc n{lM l cln{^r} + ^\^> Z S\W}- 
Choose toj — - in M({a;fc},0) such that 

X X k { 

~ C k C\{x k \ ~ 

m- — -r~ l 1 = m„ — 
{xk} { Xk } c k n{x k } 

Recall from the proof of Theorem 18.21 that (ip® — ) ^z, i induces an isomer- 
ic i 1 \-r { y }>y£d{x k } 

phism ip% r . . Consider 

9{x h } 



(9.13) M{{x k }, 1) M{d{x k }, 0) — U- M({x k }, 0) — M({x k }, 0) 



kcr D' 



■ coker D 



9{x k } 



coker D 



{x k } 



where m-^-^ is mapped to m^ Xk y which by tp^xk} is mapped to [1], and use |13[ 

Proposition 4.8] to realise (|9.13p as D'. — via — : M ({x k }, 0) -> coker D'. — that 

{^fc} { x k} { x k} 
sends m ~ to [1]. Define D~ G My (Z+U{oo}) by D^~- (v, w) = D 1 , — -(u, w) 

\ x k) \ x k) {x fc } i^fo/ {Xk} 

when v G V- — and by Z?r — - (v, w) = oo when v G Vj — c \ V- — . 

_{^fc} i X kt i X ki {x k } 

That (|9. 1 1|) and (|9.12|) hold for x k follows immediately from the construction. To 
verify that the map ip% induced by ( l fi ( ~)yeUk satisfies ip% (mc k ) — [1], observe 

k {y} k 

that the map ip° — - induced by <jp- — will map rh -. — - to fll, and consider 

c k n{x k } {x k } c k n{x k } 

the commuting diagram 



M(C k \{x k },0)®M{C k n{x k }) 



coker D' n , , , © coker D' - — - 
Ck\{x k j c k n{x k y 



M(C k ,0) 



coker D' c . 



Since (m Ck \{ Xk }, m Ckn (^- } ) is mapped to m Ck by (\ 

^c fc \{a; fc } ® i — we see by commutativity of the diagram that ip t) Ck (mc k ) = [!]■ 
For fc with x k not closed in X, C k equals C k -\ and a construction similar to 
the one in the proof of Theorem 18.21 applies. As in the proof of Theorem 18. 2\ 
Proposition 4.7 of [13] allows us to make sure that Erj x+ i will be tight over X. □ 



Corollary 9.14. Let X be a finite To-space and let A be a unital C* -algebra of real 
rank zero over X . Assume for all x G X that ¥^\{A{x)) is free, ¥^q{A{x)) is finitely 
generated, and rankKi(A(x)) < rankKo(A(a;)). 
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Then there exists a countable graph E for which C* (E) is unital, purely infinite, 
and tight over X such that FK^ [t (C*(E)) FK^ nit (A). If X is an EBP space, 
then automatically FK^{C*{E)) ^ FK^(A). 

If furthermore rankKi(A(a;)) = rankKo(A(x)) for all x G X, then E can be 
chosen such that C*(E) is a purely infinite Cuntz-Krieger algebra. 

Corollary 9.15. Let X be an accordion space, and let I A -» B be an extension 
of C* -algebras. Assume that A is unital and tight over X . 

Then A is a Cuntz-Krieger algebra of real rank zero if and only if 

• I is stably isomorphic to a Cuntz-Krieger algebra of real rank zero, 

• B is a Cuntz-Krieger algebra of real rank zero, 

• and the exponential map FLq(B) — > Ki(/) vanishes. 

Proof. Assume that A is a Cuntz-Krieger algebra of real rank zero. It is well- 
known that then B is also a Cuntz-Krieger algebra of real rank zero and I is stably 
isomorphic to one. By Theorem 4.2 of [20], Kq(B) — > Ki(7) vanishes since A has 
real rank zero and therefore is Ko-liftable, cf. Remark 13.101 

Now, assume that B is a Cuntz-Krieger algebra of real rank zero, that / is stably 
isomorphic to one, and that the map Kq(B) — > Ki(J) vanishes. By Theorem 4.3 
of [26], A is Ooo-absorbing since B and / are. Since B and / are Ko-liftable 
and Ko(-B) — > Ki(7) vanishes, A is also Ko-liftable (i.e., FK(A) is real-rank-zero- 
like) by [H Proposition 3.5]. So by pure infiniteness of A it therefore follows from 
Theorem 4.2 of [20J that A has real rank zero. For all x € X, Ki(A(x)) is free since 
B and / are stably isomorphic to Cuntz-Krieger algebras. So by Theorem 19.101 
there exists a real rank zero Cuntz-Krieger algebra C that is tight over X and has 
FK^ nit (A) = FK^ nit (C). By Corollary ECU A and C are isomorphic. □ 

Remark 9.16. Corollary 19.151 holds for spaces X for which FK^ nt is a complete 
invariant for unital Kirchberg X-algebras A where A(x) is in the bootstrap class 
and Ki(A(x)) is free for all x G X , cf. Remark 19.91 

10. Ordered filtered K-theory 

The notion of ordered filtered K-theory was introduced by S0ren Eilers, Gunnar 
Restorff, and Efren Ruiz in [T3] to classify (not necessarily purely infinite) graph 
algebras of real rank zero. 

Recall that for a C*-algebra A, a class [p]o in Kq(A) where p is a projection 
in M n (A) for some n is called positive. The positive cone Kq(A) + consists of all 
positive elements in FLq(A). For two C*-algebras A and B, a group homomorphism 
ip: Kq(A) — > Kq(B) is called positive if (p(Ko(A) + ) C Ko(i?) + , and a group isomor- 
phism ip : Ko(A) — > Ko(B) is called an order-isomorphism if ip(Ko(A) + ) — Kq(B) + . 

Note that for a finite topological space X , a locally closed subset Y of X, and an 
open subset U of Y, the maps % : K Q (A(U)) -> K Q (A(Y)) and ry W : K (A(Y)) -> 
K (A(Y \ U)) are positive. 

Definition 10.1. For C*-algebras A and B over a finite topological space X , an 
tST-module homomorphism ip: FKg-j-(A) —¥ FK,st(B) is called positive if the in- 
duced maps FKy(A) FK^(B) are positive for all Y e LC{X), and an ST- 
module isomorphism FKst(A) — > FKs-y-(B) is called an order-isomorphism if the 
induced isomomorphisms are order- isomorphisms. For the reductions FK-r,, FKg, 
and FKbk of filtered K-theory, analogous definitions apply. 
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We are indebted to Mikael R0rdam for the elegant proof of the following lemma. 



Lemma 10.2. Let A be a real- rank- zero C* -algebra and let I and J be [closed, 
two-sided) ideals in A satisfying I + J = A. Then any projection p in A can be 
written p = q + q' with q a projection in I and q' a projection in J . 

Proof. Let p a projection in A be given and write p = a + b with a £ I and b G J. 
We may assume that a = pap and b = pbp. As A has real rank zero, the hereditary 
subalgebra pip has an approximate unit of projections, so there exists a projection 
q in pip satisfying \\a — aq\\ < 1. Since q — pqp, q < p and we may define a 
projection q' as q' = p — q. It remains to prove q' G J. We have 

\W - q'bq'\\ = \\q'(p - b)q'\\ = \\q'a(p - q)\\ < \\q'\\\\a - aq\\ < 1. 

Since q'bq' € J, the image of q' in the quotient A/ J is a projection of norm strictly 
less than 1. Since such a projection is 0, we get q' G J. □ 

The following theorem is a version of Corollarv l5.19l taking the order into account. 

Theorem 10.3. Let X be an EBP space, and let A and B be C* -algebras over X 
of real rank zero. Then for any order-isomorphism ip: FKg(vl) — > FKg(£?) there 
is a unique order-isomorphism $: FK$-j-(A) — > FK.s-j^i?) satisfying $b(Q) = (p. 



Proof. By Corollary |5.191 $ is an isomorphism if and only if if is. Assume that if is 
an order-isomorphism, and let us show first for Y G 0(X) and then for Y G LC(X) 
that ^ is an order-isomorphism. 

For U an open subset of X, the following diagram has commuting squares and 
its rows are exact by Lemmas 14.71 and 14.81 



e 



'{y} 



M 

) 



e 



FK°~(i?) 



.{x} 

l~ 

M 



.{x} 

{y} 



xeu FK (^j(^) 



■FK°(A) 



FK° y (i?) 



Since (i({a;})) lE [/ is a finite collection of ideals in A(U), we see by Lemnra ["l0.2l that 
the map (<2_): $ l£t , K (A({4) ^ K (A(C/)) surjects © x££/ K (^({4) + onto 

K (A{U)) + . Similarly, the map ($2-): ® xeU K (B({x}) -> K (S([/)) surjects 

©kgc/ ^-o(-B({a;}) + onto K (-B(?7)) + . A simple diagram chase therefore shows that 
<3??r is an order-isomorphism since the map (z>9 — is an order-isomorphism for all 

{x} 

x G U. 

For a locally closed subset Y of X, choose open subsets U and V of X satisfying 
V C U and U \ V = Y . Then $^ is an order-isomorphism. Consider the following 
diagram with exact rows and commuting squares. 



FK° V (A) 



FK° Y {A) 







FK Q V (B) 



■FK^B) 



FKy(B) 
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In [TU1 Theorem 3.14], Lawrence G. Brown and Gert K. Pedersen showed that given 
an extension / C -» C/I of C*-algebras, the C*-algebra C has real rank zero if 
and only if / and C/I have real rank zero and projections in C /I lift to projections 
in C . Thus, since A and therefore M n ® A(U) for all n has real rank zero, the map 
%: K (A(U)) -> K {A(Y)) surjects K Q (A(U))+ onto K (A(Y))+. Similarly, the 
map %: K (B(U)) -> K (B(Y)) surjects K (B(Z7)) + onto K (S(r))+. A simple 
diagram chase therefore shows that $y is an order-isomorphism. □ 

We have the following ordered analogous of Theorem 17.81 and Corollary 17.151 

Theorem 10.4. Let X be a UP space, and let A and B be C* -algebras over X of 
real rank zero . Assume that Ki(A({x})) and Ki(B({x})) are free groups for all non- 
open points x G X. Then for any order-isomorphism tp: FK-r(A) — > FK-jz{B) there 
exists a (not necessarily unique) order-isomorphism <J>: FKgn(A) — > FKbiz(B) 
that satisfies $bii,ti(&) = l P- 

Proof. Since the functor 3bk,ii only forgets Ki -groups, the desired follows imme- 
diately from Theorem 17.81 □ 

Corollary 10.5. Let X be an EBP space, and let A and B be C* -algebras over 
X of real rank zero. Assume that K\(A({x})) and Ki(_B({ir})) are free groups for 
all x G X. Then for any order-isomorphism ip: FK-r.(A) — > FK-jz(B) there exists a 
order-isomorphism $: FKs7-(yl) — > FKs7-(.B) that satisfies 3tz(&) = 

Proof. Combine the previous two theorems. □ 



11. Main result 

Combining our results with the completeness of filtered K-theory over accordion 
spaces, cf. Theorem I3.11[ we get the following characterization of purely infinite 
graph algebras, and of purely infinite Cuntz-Krieger algebras. 

Theorem 11.1. Let X be an accordion space. The different versions of filtered 
K-theory introduced in this paper induce bijections between the following sets: 

• stable isomorphism classes of tight, purely infinite graph algebras over X , 

• isomorphism classes of stable Kirchberg X -algebras A of real rank zero with 
all simple subquotients in the bootstrap class satisfying that Ki (A({a;})) is 
free for all x £ X , 

• isomorphism classes of countable, exact, real-rank- zero-like NT -modules M 
with M({x}, 1) free for all x G X, 

• isomorphism classes of countable, exact, real-rank-zero-like, ST -modules M 
with M({x}, 1) free for all x G X , 

• isomorphism classes of countable, exact B-modules M with M(xi) free for 
all x G X , 

• isomorphism classes of countable, exact IZ-modules M with M(x\) free for 
all x £ X. 

Corollary 11.2. Let X be an accordion space. The different versions of filtered 
K-theory introduced in this paper induce bijections between the following sets: 

• isomorphism classes of tight, unital, purely infinite graph algebras over X , 
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• isomorphism classes of unital Kirchberg X -algebras A of real rank zero, with 
all simple subquotients in the bootstrap class such that, for all x G X , the 
group Ki(A({x})) is free and 

rankKi(yl({a;})) < rankK (^({a;})) < oo, 

• isomorphism classes of countable, exact, real-rank-zero-like pointed MT- 
modules M such that, for all x G X , the group M({x}, 1) is free and 

rank(M({x}, 1)) < rank(M({x}, 0)) < oo, 

• isomorphism classes of countable, exact, real-rank-zero-like pointed ST- 
modules M such that, for all x G X, the group M({x}, 1) is free and 

rank(M({x}, 1)) < rank(M({x}, 0)) < oo, 

• isomorphism classes of countable, exact pointed B -modules M such that, for 
all x G X , the group M(x\) is free and 

rank(M (xi)) < rank(coker(££) M(y ) -)■ M(x ))) < oo, 

• isomorphism classes of countable, exact pointed IZ-modules M such that, 
for all x G X , the group M(x\) is free and 

rank(M(xi)) < rank(coker(M(&E ) -> M(x Q ))) < oo. 

Corollary 11.3. Let X be an accordion space. The different versions of filtered 
K-theory introduced in this paper induce bisections between the following sets: 

• isomorphism classes of tight Cuntz Krieger algebras over X, 

• isomorphism classes of unital Kirchberg X -algebras A of real rank zero, with 
all simple subquotients in the bootstrap class such that, for all x G X , the 
group Ki(A({x})) is free and 

rankK 1 ( J 4({x})) = rankK (A({x})) < oo, 

• isomorphism classes of countable, exact, real-rank- zero-like pointed NT- 
modules M such that, for all x G X , the group M({x}, 1) is free and 

rank(M({a;}, 1)) = rank(M({a;}, 0)) < oo, 

• isomorphism classes of countable, exact, real-rank- zero-like pointed ST- 
modules M such that, for all x G X, the group M({x}, 1) is free and 

rank(M({x}, 1)) = rank(M({x}, 0)) < oo, 

• isomorphism classes of countable, exact pointed B-modules M such that, for 
all x G X , the group M(x\) is free and 

rank(M(xi)) = rank(coker((J) M(y ) -> M{x ))) < oo, 

y-¥x 

• isomorphism classes of countable, exact pointed IZ-modules M such that, 
for all x G X , the group M(x~\) is free and 

rank(M(xi)) = rank(coker(M(9x ) -> M(x ))) < oo. 
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